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ABS TRACT 

The index of refraction in the neighbourhood of a Stark 

broadened spectral line has been calculated using the Kronig- 

Kramers relation between the absorption coefficient and the 

index of refraction. For the absorption coefficient, the 

function jr (x. c )  given by Crieni has been used. A discussion 

of the results ds they apply to t he  hook method of measuring 

oscillator strc.ngths is given. c i i l C 7  it is shown that errors 

of the order of 5% can occur in t~he oscillator strength if 

the conventional formula for  <lnomalous dispersion is used. 
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INTRODUCTION 

The p a r a l l e l i s m  between t h e  index of r e f r a c t i o n  and t h e  

abso rp t ion  c o e f f i c i e n t  r ep resen ted  mathemat ica l ly  by t h e  

Kron ig -Kramer jd i spe r s ion  r e l a t i o n  i s  o f t e n  e x p l o i t e d  exper i -  

menta l ly  t o  measure plasma q u a n t i t i e s  by us ing  t h e  r e f r a c t i v i t y  

when t h e s e  same q u a n t i t i e s  could have been measured by ab- 

s o r p t i o n  o r  emission experiments .  F o r  i n s t a n c e .  e l c c t r o n  d e n s i t y  

i i i ~ ~ ~ s u r e n i c n t s  of plasmas a r e  o f t e n  obta ined  by us ing  t h e  behaviour  

ot t h e  indc.x nf r e f r a c t i o n  i n  wavelength rerjiclns c l i s t r i n t  f r o m  

s p c c t r a l  l i n e s .  T h e  analocjc,iis abso rp t ion  c o e f f i c i e n t  cxper i -  

ment measurcs the  continuuiu i n t e n s i t y  i n  such s p e c t r a l  reg ions  

but  i s  s u b j e c t  tc e r r o r s  d u c  t o  s c a t t e r e d  l i g i i t .  More I - c l evan t  

i s  t h a t  t h e  index  of  r e f r ac t io r i  i n  t h e  reg ions  near  s p e c t r a l  

l i i i c s  i s  used t o  o b t a i n  o s c i l l a t o r  s t r e n g t h s  ( o r ,  e q u i v a l e n t l y .  

niimber d e n s i t i e s  i n  e x c i t e d  s t a t e s )  by means of t h e  hook method. 

The analogous abso rp t ion  c o e f f i c i e n t  measurement would measure 

e q u i v a l e n t  w i d t h s  of  s p e c t r a l  l i n e s .  

Because of t h i s  c l o s e  r e l a t i o n s h i p  bctwcen t h e  two q u a n t i t i e s ,  

any processes  which modify thc  shape of t h e  abso rp t ion  co- 

e f f i c i e n t  of  a s p e c t r a l  l i n e  (such a s  Doppler broadeninq,  

p r e s s u r e  broadening,  e t c . )  also d i s t u r b  t h e  index of r e f r a c t i o n .  

However. t h e  e f f e c t  of t h e s p  prcicesses on t h c  index of r e f r a c t i o n  

i s  n o t  known f o r  many important  c a s e s .  For i n s t a n c e ,  t h e  e f f e c t  

o f  q u a s i s t a t i c  m i c r o e l e c t r i c  f i e l d s  on t h e  abso rp t ion  c o e f f i c i e n t  
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I .  

. 

2 a f t e r  t h e  t r e a t m e n t  of  G r i e m ,  Baranger ,  Kolb and O e r t e l  i s  

shown i n  F igu re  1; t h e  f i g u r e  i l l u s t r a t e s  t h a t  t h e  co res  of  

t h e  l i n e  a r e  reasonably  Lorentz ian ,  b u t  t h e  wing behavior  

d e v i a t e s  from Lcrrentzian w i t h  t h e  d e v i a t i o n  i n c r e a s i n g  w i t h  

d i s t a n c e  from t h e  c e n t e r  of  t h e  s p e c t r a l  l i n e .  However, it i s  

j u s t  i n  t h i s  f a r  s p e c t r a l  reg ion  t h a t  t h e  hook method samples 

t h e  r e f r a c t i v e  index t o  determine t h e  o s c i l l a t o r  s t r e n g t h .  I f  

anomalies i n  t h e  shape of t h e  r e f r a c t i v e  index  e x i s t ,  t h a t  i s ,  

i f  t h e  r e f r a c t i v i t y  i s  n o t  r ep resen ted  by t h e  o r d i n a r y  d i s -  

p e r s i o n  p r o f i l e ,  t h e n  t h e  o s c i l l a t o r  s t r e n g t h  de t e rmina t ion  

w i l l  be  erroneous cor respondingly .  I n  t h e  fo l lowing  d i s c u s s i o n ,  

t h e  shape of t h e  index  of  r e f r a c t i o n  w i l l  be  d e r i v e d  us ing  t h e  

q u a s i s t a t i c  approximation of r e f e r e n c e  2 and an a n a l y s i s  of  t h e  

e r r o r s  i n t roduced  i n t o  t h e  hook method o s c i l l a t o r  s t r e n g t h s  

w i l l  be  g iven .  

THEORY 

For tenuous media, t h e  index  of r e f r a c t i o n  and t h e  a b s o r p t i o n  

c o e f f i c i e n t  can be c a l c u l a t e d  from t h e  r e a l  and imaginary p a r t s  

o f  a complex f u n c t i o n ,  i . e . ,  

w h e r e  u ( i ~ )  i s  r e l a t e d  t o  t h e  o r d i n a r y  a b s o r p t i o n  c o e f f i c i e n t  by 

t h e  r e l a t i o n  
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H e r e  c i s  t h e  v e l o c i t y  of  l i g h t ,  w i s  t h e  a n g u l a r  f requency  

be ing  cons idered  and k(w) i s  t h e  o r d i n a r y  a b s o r p t i o n  c o e f f i c i e n t .  

I n  t h i s  extended range  of t h e  d e f i n i t i o n  of ~ ( ( l i ) ,  t h e  r e l a t i o n -  

s h i p  

Then 

f (  L )  

between t h e  p o s i t i v e  and t h e  n e g a t i v e  f requency  r e g i o n s  i s  

i n t e g r a t i n g  equa t ion  1 around a c l o s e d  con tour  g i v e s  ( i f  

h a s  no p o l e s  above t h e  p o s i t i v e  rea l  a x i s ) ,  

w h e r e  P i n d i c a t e s  t h e  Cauchy p r i n c i p l e  v a l u e  of  t h e  i n t e g r a l ;  

i . e . ,  t h e  i n t e g r a l  can be w r i t t e n  
+m 

K( I l l  ) 
n ti ' - 1, n i :I,) -1 = - P 

J -cn 
( 5 )  

o r  w i t h  t h e  a i d  o f  equa t ion  3 ,  t h e  Kronig-Kramers equa t ion  can 

be ob ta ined  

0 

W i t h  t h e  assumption o f  tenuous media, t h e  r e f r a c t i v i t y  can  

be  expressed  a s  a sum of  terms; one t e r m  i s  t h e  a tomic and i o n i c  

c o n t r i b u t i o n ,  a n o t h e r  t e r m  is t h e  c o n t r i b u t i o n  from t h e  e l e c t r o n s ,  

and t h e  l a s t  t e r m  i s  due t o  t h e  c o n t r i b u t i o n  from t h e  nearby 

s p e c t r a l  l i n e  ( a l l  o t h e r  s p e c t r a l  l i n e  c o n t r i b u t i o n s  a r e  assumed 

n e g l i g i b l e )  . 3 

A 
n-1 = (n-11 + (n-1) + (n-1) e ( 7 )  

T h e  f i r s t  two t e r m s  of t h i s  exp res s ion  come from t h e  "continuum" 
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r e f r a c t i v e  index,  and t h e  l a s t  t e r m ,  t h e  c o n t r i b u t i o n  t o  t h e  

r e f r a c t i v i t y  by t h e  s p e c t r a l  l i n e ,  w i l l  be t h e  t e r m  d i s c u s s e d  

i n  t h e  fo l lowing  s e c t i o n s .  

S i n c e  a spec t ra l  l i n e  is peaked i n  a narrow wavelength 

r e g i o n ,  ~ ' , ,  t h e  fo l lowing  approximations can be made i n  

equa t ion  6 

w h e r e  !,<; is  t h e  c e n t r a l  f requency of t h e  s p e c t r a l  l i n e .  These 

approximations w i l l  i n t roduce  errors o f  t h e  o r d e r  o f  w/i!,o, 

where w i s  t h e  w id th  of t h e  spec t ra l  l i n e ;  s u c h  e r r o r s  w i l l  

normally b e  less t h a n  0.1% f o r  spectral  l i n e s  i n  t h e  v i s i b l e  

r e g i o n  of t h e  spectra whose wid th  i s  less t h a n  5 i -  With t h e s e  

approximat ions ,  t h e  r e f r a c t i v i t y  can be w r i t t e n  

where t h e  a b s o r p t i o n  c o e f f i c i e n t  for  t h e  spec t ra l  l i n e  is  

g iven  by t h e  u s u a l  equat ion  

k(l!i) = 27r2r0c fmn N L ( w ) ,  n 

w h e r e  r , ,  is  t h e  c l a s s i ca l  r a d i u s  of t h e  e l e c t r o n ,  f is t h e  

o s c i l l a t o r  s t r e n g t h  of t h e  s p e c t r a l  l i n e ,  N is t h e  d e n s i t y  o f  

mn 

n 

a t o m s  i n  t h e  s t a t e  n ,  and L ( L )  is t h e  shape parameter  normalized 

+ c o  
s u c h  t h a t  

L ( I ! ~ )  d:!, = 1 
-u, s 
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A t  t h i s  p o i n t ,  t h e  equa t ion  9 i s  parameter ized  i n  t h e  manner o f  

G r i e m ,  Baranger,  K o l b  and O e r t e l  : t h a t  is ,  t h e  e l e c t r o n  impact 2 

wid ths  and s h i f t s  a re  in t roduced  as t h e  measure of f requency 

f r o m  t h e  c e n t e r  of t h e  s p e c t r a l  l i n e  

where d i s  t h e  e l e c t r o n  impact s h i f t  and w is  t h e  e l e c t r o n  

impact wid th .  d and w a r e  t h e  same q u a n t i t i e s  measured i n  

u n i t s  of wavelength.  A l s o ,  t h e  reduced shape  f a c t o r  i s  de f ined  

h A 

which a l l o w s  equa t ion  9 t o  be w r i t t e n  

a 2 
f N TT r o c  n( lb)- l  = mn n 

JJC 

w 

and t h e  reduced r e f r a c t i v i t y  i s  d e f i n e d '  

rnL 2 
L L U S  qi ia i i t i ty  car r ies  a l l  t h e  i n f e r m a t i o n  or? shapes and electr ic  

f i e l d  dependence of t h e  refract ive index  through t h e  f u n c t i o n  j ( x ) .  r 

Furthermore,  t h e  shape  o f  t h e  a b s o r p t i o n  c o e f f i c i e n t  is  g iven  

i n  r e f e r e n c e  5 a s  
00 

where B i s  t h e  l o w  frequency component o f  t h e  e l ec t r i c  f i e l d  

(measured i n  u n i t s  o f  t h e  normal f i e l d  s t r e n g t h )  , W r ( p )  i s  t h e  

p r o b a b i l i t y  d i s t r i b u t i o n  of t h e  e l e c t r i c  f i e l d s  i n c l u d i n g  

c o r r e l a t i o n s ,  r is  t h e  r a t i o  of t h e  mean d i s t a n c e  between t h e  
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i o n s  and t h e  Debye r a d i u s ,  and il is  t h e  q u a s i s t a t i c  broadening  

parameter .  For many s p e c t r a l  l i n e s  of  l i g h t  e lements ,  '1 and w a r e  

given by G r i e m ;  f o r  o t h e r  l i n e s  '1 and w can be c a l c u l a t e d  us ing  

t h e  formulae t h a t  he g i v e s .  The plasma parameter ,  r, is  given by 

4 

where N i s  t h e  i o n  d e n s i t y  of t h e  plasma. 

When r e l a t i o n  ( 1 6 )  is s u b s t i t u t e d  f o r  j, (x, I . ) ,  t h e  o r d e r s  

of i n t e g r a t i o n  i n  equat ion  (15) can be in te rchanged  t o  g ive  f o r  

t h e  reduced r e f r a c t i v i t y ,  

T h i s  formula was used t o  c a l c u l a t e  f i g u r e s  2 and 3 w i t h  va lues  

of W r  ( B )  t aken  from Mozer and Baranger . Since ,  even f o r  
5 

d i f f e r  s i g n i f i c a n t l y  from t h e  Holtsmark v a l u e ,  RH ( x , ( x ) ,  

v a l u e  f o r  r = O . O )  t h e  subsequent  d i s c u s s i o n  w i l l  be  devoted t o  

( t h e  

t h e  reduced r e f r a c t i v i t y  c a l c u l a t e d  i n  t h e  Holtsmark approximation,  

i . e . ,  t h e  curves  shown i n  f i g u r e  3 .  T h e  s t r i k i n g  a s p e c t  of t h e s e  

c u r v e s ,  however, is  t h a t  t h e  l a r g e  d e v i a t i o n s  w h i c h  occur red  i n  

t h e  wings f o r  t h e  abso rp t ion  c o e f f i c i e n t  a r e  not  p r e s e n t  i n  t h e  

index  of r e f r a c t i o n .  I n  appendix A ,  asymptot ic  forms f o r  t h e  

reduced r e f r a c t i v i t y  a r e  ob ta ined ,  and it can be seen  t h a t  indeed 

t h e  l ead ing  t e r m  i s  always t h e  o r d i n a r y  d i s p e r s i o n  t e r m .  
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APPLICATION O F  THE STARK REFRACTIVITY TO OSCILLATOR STRENGTH 

MEASUREMENTS BY THE HOOK METHOD 

T h e  hook method of measuring o s c i l l a t o r  s t r e n g t h s  u s e s  

two-beam i n t e r f e r o m e t e r  t o  d e f i n e  t h e  p o s i t i o n  a t  w h i c h  t h e  

d e r i v a t i v e  of t h e  r e f r a c t i v i t y  i s  e q u a l  t o  s o m e  c o n s t a n t ,  K 

a 

6 

S i n c e  t h e  d e r i v a t i v e  assumes t h i s  v a l u e ,  K ,  on e i t h e r  s i d e  o f  t h e  

s p e c t r a l  l i n e ,  i . e . ,  a t  t h e  p o s i t i o n  of t h e  hooks, t h e n  t h e  

s e p a r a t i o n  of  t h e s e  p o i n t s  i s  measured t o  o b t a i n  a number 

r e l a t e d  t o  t h e  o s c i l l a t o r  s t r e n g t h .  I n  q u a n t i t a t i v e  te rms ,  t h e  

c e n t r a l  equa t ion  of t h e  hook method is: 

I f  t h e  r e f r a c t i v i t y  g iven  b y  equa t ion  14 is expressed  i n  wave- 

l e n g t h  u n i t s ,  t h e  d e r i v a t i v e  can be w r i t t e n  

A" dR 
(n-1) = -A a T o  fmn N~ dx d(n-1)  L d - 

w h dx 4wh dh 

and t h e  hooks occur  a t  p o s i t i o n s  x+ and x- s u c h  t h a t  

I f  there  w e r e  no q u a s i s t a t i c  e l ec t r i c  f i e l d s ,  t h e n  i n  t h e  

a sympto t i c  l i m i t ,  t h e  d e r i v a t i v e  would be w r i t t e n  

and t h e  r o o t s  of equa t ion  ( 2 1 )  would be 
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o r  i n  t e r m s  of t h e  s e p a r a t i o n s  of t h e  hooks, 

(24) 
(x+ - X-) = 

I n  t h i s  f o r m ,  it s e e m s  t h a t  t h e  hook p o s i t i o n s  depend on t h e  

wid th  of t h e  spec t ra l  l i n e ,  b u t  t h i s  i s  i l l u s o r y ,  s i n c e  (24) can  be 

r e w r i t t e n  i n  t h e  f o r m  

1 
( ) .+  - h - ) " K  = - A3r, fmn Nn 

TT 

which i s  i d e n t i c a l  w i t h  F o s t e r ' s  equa t ion  4.356 ( w i t h  t h e  

p r e s e n t  K equa l  t o  h i s  k /d ) .  

The presence  of t h e  q u a s i s t a t i c  S t a r k  f i e l d s  causes  

equa t ion  ( 2 2 )  t o  be modified.  A f t e r  t h e  asymptot ic  form o f  t h e  

d e r i v a t i v e  of t h e  reduced r e f r a c t i v i t y  i s  t aken  from t h e  appendix ,  

E q .  A - 1 5 ,  t h e n  t h e  a n a l y s i s  can  be s i m p l i f i e d  by  w r i t i n g  t h e  

d e r i v a t i v e s  of t h e  S t a r k  r e f r a c t i v i t y  as  d e v i a t i o n s  from t h e  

o r d i n a r y  anc.nalous d i s p e r s i o n  e q u a t i o n s ,  v i z .  f o r  x/r/O 
(26) 

or  t h e  d e v i a t i o n s ,  . can be w r i t t e n  as + 

X 
3 . - -  

5 -  

+ 
S i m i l a r l y  t h e  d e v i a t i o n  for  X/~ZC((O can  be w r i t t e n  

so  t h a t  t h e  hook separat ion can  be shown t o  be 
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w h e r e  t h e  i d e n t i f i c a t i o n  Ix I LZ Ix-1 2 1x1 h a s  been made. + 
Then t h e  errors in t roduced  i n t o  t h e  o s c i l l a t o r  s t r e n g t h s  

by reducing  t h e  d a t a  f o r  t h e  hook p o s i t i o n s  i n  t e r m s  of t h e  

anomalous d i s p e r s i o n  formulae w i l l  be t w i c e  t h e  e r r o r s  i n  t h e  

hook p o s i t i o n s ,  or 

E = 2.  { -27;-} 0-2x 

( 3 0 )  
3 

~~ 

+ .86a x - ~  3 
_ c  - 

X2 

An i d e a  of t h e  s i z e  of t h e  e r r o r s  can be  ga ined  by t h e  example 

of t h e  M g  I A5875 for  an e l e c t r o n  d e n s i t y  of lo1"  c m d 3 .  For t h i s  

l i n e  a t  a tempera ture  of  5 0 0 0 ' K ,  G r i e m  g i v e s  1 as - 3 5  so t h a t  

w i t h  a hook measurement a t  10 ha l fwid ths  o f  t h e  s p e c t r a l  l i n e  

(x  = l o ) ,  t h e  e r r o r  becomes 

4 

.86 x - 3 5  + .oa 3 E =  - 
100 5.6 

D I S C U S S I O N  AND SUMMARY 

- 1  .lne v a l i d i t y  criteria 01 iiie r e f r a c t i v i t y  relatiolis giveii 

h e r e  w i l l  be  t h e  same as t h e  v a l i d i t y  c r i t e r i a  o f  t h e  S t a r k  

broadening  t h e o r y  g iven  i n  r e f e r e n c e  7 .  The  one remark w h i c h  

m i g h t  be e s p e c i a l l y  mentioned concerns t h e  c a s e  w h e r e  t h e  

Loren tz i an  w i d t h  d i f f e r s  from t h a t  g iven  by G r i e m .  T h i s  would 

be  t h e  c a s e  i f  o t h e r  broadening causes  w e r e  o p e r a t i v e ,  i n -  

a c c u r a c i e s  i n  t h e  broadening t h e o r y  w e r e  p r e s e n t ,  7 3  8 *  o r  e f f e c t s  

such  a s  Debye s h i e l d i n g  should reduce  t h e  broadening . Under 

t h e s e  c i r cums tances ,  t h e  c1 given by G r i e m  would s t i l l  be  an  

9 
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a c c u r a t e  q u a n t i t y ,  b u t  a new should  b e  c a l c u l a t e d  us ing  t h e  

r e l a t i o n  

w h e r e  t h e  primes i n d i c a t e  t h e  r e v i s e d  q u a n t i t i e s  and t h e  un- 

primed numbers a r e  t h o s e  given by G r i e m .  

I n  a d d i t i o n ,  mention should be made of  t h e  f a c t  t h a t  t h e  

q u a s i s t a t i c  t heo ry  p resen ted  h e r e  does n o t  app ly  t o  s p e c t r a l  

l i n e s  e m i t t e d  by i o n s ;  o f  cour se ,  a s i m i l a r  a n a l y s i s  i s  p o s s i b l e ,  

b u t  t h e  Holtsmark d i s t r i b u t i o n  used i n  t h e  p r e s e n t  c o n t e x t  does  

n o t  a l l o w  f o r  t h e  a d d i t i o n a l  c o r r e l a t i o n s  produced i n  t h e  neigh- 

bourhood of  t h e  i o n .  

The s t r i k i n g  aspect of  t h e  r e f r a c t i v i t y  cu rves  p re sen ted  i s  

t h a t  indeed ,  t h e y  do approach t h e  o r d i n a r y  d i s p e r s i o n  shape a t  

l a r g e  x. T h e  s t r o n g  d e v i a t i o n  of  t h e  a b s o r p t i o n  c o e f f i c i e n t  from 

a Loren tz i an  i n  t h e  wings of t h e  s p e c t r a l  l i n e  seems t o  be rep laced  

i n  t h e  index  of  r e f r a c t i o n  by an  anomalous behaviour  i n  t h e  c o r e s  

of  t h e  s p e c t r a l  l i n e .  While i t  i s  d i f f i c u l t  t o  f i n d  a p h y s i c a l  

e x p l a n a t i o n  f o r  t h i s  e f f e c t ,  i t  i s  tempt ing  t o  r ega rd  it a s  an 

a s p e c t  of t h e  n a t u r e  of t h e  H i l b e r t  t ransform w h i c h  can b e  expressed 

a s  a n  incomplete  F o u r i e r  t ransform.  The F o u r i e r  t r ans fo rm is 

known t o  g i v e  an i n v e r s i o n  t o  t h e  f u n c t i o n s  t h a t  it a c t s  upon b y  

t r a n s f o r m i n g  t h e  wing behavior  of  t h e  untransformed f u n c t i o n  i n t o  

t h e  cores of  t h e  t ransformed f u n c t i o n .  Because  of  t h i s  extra- 

o r d i n a r y  behav io r ,  t h e  a n a l y s i s  of t h e  r e f r a c t i v i t y  is  be ing  con- 

t i n u e d  w i t h  p a r t i c u l a r  emphasis on t h e  c a s e  w h e r e  t h e  i o n  per -  
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t u r b e r s  a r e  t r e a t e d  by t h e  impact t heo ry  i n  t h e  ca se  of t h e  

abso rp t ion  c o e f f i c i e n t .  
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APPENDIX 

Asymptotic forms for  R(x) can be d e r i v e d  by u s i n g  t h e  ex- 

p r e s s i o n  f o r  t h e  Holtsmark q u a s i s t a t i c  f i e l d  d i s t r i b u t i o n  
cn 

y s i n  By exp { - Y ’ / ~ \  dy 
J 

0 

and fo l lowing  t h e  procedure d e s c r i b e d  i n  t h e  appendix of 

2 
r e f e r e n c e  . When t h e  r e l a t i o n  ( A - 1 )  i s  s u b s t i t u t e d  i n t o  

equa t ion  (17), t h e  r e f r a c t i v i t y  can be expressed  as 

0 0 

I f  t h e  o r d e r s  of  i n t e g r a t i o n  are in t e rchanged ,  t h e n  t h e  form 

r e s u l t s  
m 

I2 1 exp ( -y” /  ” )  (XI,  -$x4/ 2 
R ( x y a )  = dY H 

0 

w h e r e  t h e  i n t e g r a l s  t o  be eva lua ted  are: 

Then, as i n  r e f e r e n c e  2 ,  it is  convenient  t o  i n t r o d u c e  t h e  

fo l lowing  d e f i n i t i o n s  

6 = -1, x/a < 0 

6 = +1, x/a > 0 

(A-3) 

(A-4) 



. 
1 3  

R + R - = [ l+x2 + 

W i t h  t h e s e  d e f i n i t i o n s  t h e  i n t e g r a l  can be r e w r i t t e n  i n  t h e  form 

s o  t h a t  I2 can now be  w r i t t e n  

and 

t h e n  i f  t h e  r e l a t i o n  

(A-9)  

is  noted ,  t h e  r e f r a c t i v i t y  can be r e w r i t t e n  

2 -. 
03 

R ( x , a )  = - 1 1 dy exp { - y 3 / ' }  exp {-laI-'R+y> C O S I ( X ) - ~  R-Y H Tr 
0 ( A - 1 0 )  

t h e  expansion o f  t h e  exponen t i a l  

3 /  2 (n-1) 
Y 

(-1) .-l 
exp (-Y 

n = l  

(A-11) 

a l l o w s  E q .  A - 1 0  t o  be i n t e g r a t e d  t e r m  by t e r m  w i t h  t h e  h e l p  of  

t h e  F o u r i e r  t r ans fo rm r e l a t i o n  15 

-1 
cos (liTan d a )  ( A - 1 2 )  - v/2 7 x V - l  e -ax COS p dx = r ( v )  (a2+q2)  

0 

R e  0 0 ,  R e  a > O  
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then the refractivity in the Holtsmark approximation is: 

+&F) ] 
And, for large x, the asymptotic forms are 

for the index of refraction, and for the derivative of the 

reduced refractivity 

3 105 a 
1x12) - - 3 2 m  m1 ‘1 * (1- - 1 _ - -  X dR - >>o - - 

a dx IT 1x1“ 

(A-13) 

(A- 14) 

(A-15) 

3 105 c1 
2 )  + -  - (1- - 

3 2 m  1 ~ 1 ~ ’ ’ ~  
1 - - -  dR - -  X - <<o 

a dx 1 X l 2  Ix I 
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